Abstract. We compute the Chen-Ruan orbifold cohomology ring of the Batyrev mirror of a smooth quintic hypersurface in P 4 . We identify the obstruction bundle for this example by using the Riemann bilinear relations for periods. We expect that our method can be used to compute the Chen-Ruan ring for Calabi-Yau hypersurfaces in projective simplicial toric varieties when every obstruction bundle is a direct sum of orbifold line bundles.
Introduction
The Chen-Ruan orbifold cohomology (cf. [7] ) gives mathematical meaning, à la Gromov-Witten theory, to the various invariants such as ''orbifold Euler characteristic'' and ''orbifold cohomology'' for global quotient orbifolds that have been in use, courtesy of string theorists, for quite a while. The most interesting feature of this new cohomology theory, besides the generalization to non-global quotients, is the existence of a ring structure which was previously missing. The ring structure is obtained from Chen-Ruan's orbifold quantum cohomology construction (cf. [8] ) by restricting to the class of maps called ghost maps, in the same spirit as the ordinary cup product may be recovered from quantum cup product.
One of the motivations of Chen and Ruan was to construct a mathematical theory that is rich enough to formulate mirror symmetry for Calabi-Yau orbifolds without having to resort to their smooth crepant resolutions which do not always exist in dimensions higher than three. Although the Chen-Ruan cohomology has had several successes, it is yet to make serious progress in this direction. One problem has been that the computation of the ring structure was an unsolved1) problem when the ''obstruction bundle'' is not trivial, which is indeed the case for the Batyrev mirror families of hypersurfaces in Fano toric varieties.
Here we try to rectify the situation by suggesting that the Riemann bilinear relations for periods [14] may be adequate to identify the obstruction bundle. Although we do not prove this, we show that this is true in the mirror quintic example. We then proceed to give a description of the ''3-point functions'' for this example. As will be evident from Remark 5.2, with a little bit of diligence the ring structure can be determined from the 3-point functions. We refer to Theorem 5.1 for a summary of results on the 3-point functions.
Roughly speaking, a 3-point function is related to the integral of the Euler class of an obstruction bundle. The integral is computed first by an ad hoc method that is shorter but rather restrictive, and then recomputed by using localization techniques which should work whenever the obstruction bundle is a direct sum of orbifold line bundles. We would like to point out that the computation of the ordinary cup product of ample toric hypersurfaces is made possible by recent results of Mavlyutov [17] and Grö bner basis method (cf. [10] ).
We deliberately avoid making use of the fact that the mirror quintic is a global quotient. Rather, we focus on developing a strategy that should work in the general setting. For instance the twisted sectors of the mirror quintic can be readily determined since it is a global quotient. However we obtained them as a special case of a general theorem (cf. Proposition 3.2).
Finally, we draw the reader's attention to a relevant conjecture of Ruan. String theory suggests that the orbifold quantum cohomology ring of a Calabi-Yau orbifold should be isomorphic to the ordinary quantum cohomology ring of its crepant resolution. This is, of course, not easy to check. It is known that the Chen-Ruan ring structure is not preserved under (partial) crepant resolutions. But the Cohomological Crepant Resolution Conjecture (cf. [20] ) specifies how the ordinary cup product of the crepant resolution may be deformed by using certain quantum corrections to make it equal to the orbifold cup product of the original space. Developing the machinery to compute the Gromov-Witten invariants involved in these correction terms seems to be an interesting problem. Fintushel, John D. McCarthy, Yongbin Ruan and Jon Wolfson for very helpful discussions and encouragements. We especially thank Yongbin Ruan for explaining to us how localization might be used to compute the integral of the Euler class of the obstruction bundle. The second author also benefitted from conversations with Yuan-Pin Lee, Ernesto Lupercio and Bernardo Uribe. Some computations were done with the aid of Mathematica1 Version 4.1 (cf. [22] The mirror family (cf. [3] , [13] ) of smooth quintic hypersurfaces in P 4 is given by a one-parameter family of quintic hypersurfaces X c H P 4 =ðZ 5 Þ 3 satisfying the following equations: Every member of this mirror family is a 3-dimensional Calabi-Yau orbifold, provided that c 3 À5z k ðk A ZÞ. Note that our terminology is slightly di¤erent from the existing literature, where the simultaneous desingularization of our family is called the (Batyrev) mirror family. We need to give a toric description of these hypersurfaces. Let (i) Each element U in U is uniformized, say by ðV ; G; pÞ. Namely, V is a smooth manifold and G is a finite group acting smoothly on V such that U ¼ V =G with p as the quotient map. Let KerðGÞ be the subgroup of G acting trivially on V .
(ii) For U 0 H U, there is a collection of injections ðV 0 ; G 0 ; p 0 Þ ! ðV ; G; pÞ. Namely, the inclusion i : U 0 H U can be lifted to mapsĩ i : V 0 ! V and an injective homomorphism i Ã : G 0 ! G such that i Ã is an isomorphism from KerðG 0 Þ to KerðGÞ andĩ i is i Ã -equivariant.
(iii) For any point
For any point x A X , suppose that ðV ; G; pÞ is a uniformizing neighborhood and x A p À1 ðxÞ. Let G x be the stabilizer of G at x. Up to conjugation, it is independent of the choice of x and is called the local group of x. Then there exists a su‰ciently small neighborhood V x of x such that ðV x ; G x ; p x Þ uniformizes a small neighborhood of x, where p x is the restriction pj V x . ðV x ; G x ; p x Þ is called a local chart at x. The orbifold structure is called reduced if the action of G x is e¤ective for every x.
Let pr : E ! X be a rank k complex orbifold bundle over an orbifold X (cf. [7] ). Then a uniformizing system for Ej U ¼ pr À1 ðEÞ over a uniformized subset U of X consists of the following data:
(i) A uniformizing system ðV ; G; pÞ of U.
(ii) A uniformizing system ðV Â C k ; G;p pÞ for Ej U . The action of G on V Â C k is an extension of the action of G on V given by g Á ðx; vÞ ¼ À g Á x; rðx; gÞv Á where r : V Â G ! AutðC k Þ is a smooth map satisfying:
rðg Á x; hÞ rðx; gÞ ¼ rðx; hgÞ; g; h A G; x A V :
(iii) The natural projection map e pr pr :
By an orbifold connection D on E we mean an equivariant connection that satisfies D ¼ g À1 Dg for every uniformizing system of E. Such a connection can be always obtained by the averaging trick and an equivariant partition of unity.
2.3. Twisted sectors. Let X be an orbifold. LetX X k denote the set of pairs À x; ðgÞ x Á where ðgÞ x stands for the conjugacy class of g ¼ ðg 1 ; . . . ; g k Þ with g j A G x . Let V g j x denote the fixed point set of g j in V x , and let Cðg j Þ denote the centralizer of g j in G x .X X k has a natural, possibly nonreduced, orbifold structure (cf. [7] , [15] ) whose local chart at À x; ðgÞ x Á is given by
Cðg j Þ. The topology onX X k is, of course, specified by declaring each V g x =CðgÞ to be an open set.
We describe the connected components ofX X k . Each point x A X has a local chart ðV x ; G x ; p x Þ which gives a uniformized neighborhood U x ¼ V x =G x of x. If y A U x , up to conjugation there is a unique monomorphism i Ã : G y ! G x . For g A ðG y Þ k , the conjugacy class i Ã ðgÞ y is well-defined. We define an equivalence relation i Ã ðgÞ y G ðgÞ y . Let T k denote the set of equivalence classes. By slight abuse of notation, we use ðgÞ to denote the equivalence class to which ðgÞ x belongs. We will usually denote an element of T 1 by ðgÞ.X X k is decomposed as a disjoint union of connected components
where
. . . ; 1Þ we have X ðgÞ G X . A component X ðgÞ is called a twisted k-sector, provided that g is not the identity. X ðgÞ is simply called a twisted sector. An almost complex, complex or Kähler structure on X induces an analogous structure on X ðgÞ via (2.2).
Now define
There is a one-to-one correspondence between T 2 and T 0 3
given by
We shall call an element of T 0 3 a tricyclic sector. The twisted sectors of Calabi-Yau hypersurfaces of a Fano toric variety are described in [19] . Following the same line of argument, we can identify T XðnÞ. For a cone t A X, denote the set of its primitive 1-dimensional generators by t½1, the corresponding a‰ne open subset of Y by U t , and the corresponding torus orbit by O t . We write n e t if the cone n is a face of the cone t, and n < t if it is a proper subface. 
There is a canonical dual pairing 
We denote the integral vector aF in N by r a and the diagonal matrix corresponding to a by g a . The correspondence g a $ r a gives a bijection between the elements of G s and the elements of RðsÞ. Now we examine the orbifold chart induced by ðU s 0 ; G s ; p s Þ at any point x A U s . By the orbit decomposition, there is unique t e s such that x A O t . Assume t is generated by f 1 ; . . . ; f j , j e d. Let z be a preimage of x with respect to p s . Then w 
This leads us to observe that fðx; gÞ A Y ðgÞ j x A U s g is complex analytically isomorphic to 
X is called nondegenerate if for every t A X, X X O t is either empty or a smooth variety of codimension one in O t . When X is nondegenerate, the above orbifold structure on X is reduced. So any point x A X X O t has local group G t . Then by an argument analogous to the one for T k (2.1). Then X is nondegenerate and quasismooth. The fan X of Y is described in Subsection 2.1. We shall conveniently use the action of an element of G t on the homogeneous coordinate ring of Y to describe that element. For instance, ðz; 1; z 2 ; z 2 ; 1Þ will represent an element of G t where t½1 ¼ fv 1 ; v 3 ; v 4 g.
The corresponding element of
Since there is no complex reflection, if x A O t has nontrivial local group then dimðtÞ f 2 and consequently codimðO t Þ f 2. By nondegeneracy, dim C ðX X O t Þ ¼ codimðtÞ À 1. Hence a nontrivial element of T (i) t 1 ; t 2 are both 2-dimensional and have a 1-dimensional face in common.
(ii) t 1 is a 3-dimensional and t 2 is a 2-dimensional subface of t 1 , or vice versa.
Park and Poddar, Chen-Ruan cohomology ring
From the description of G t in terms of R t in Subsection 3.1, it is not hard to see that G t G ðZ 5 Þ dimðtÞÀ1 . For a point À x; ðgÞ Á A X ðgÞ with x A O t X X and ðgÞ determined by r i A Rðt i Þ X Intðt i Þ, a local uniformizing system for X ðgÞ is given by ðV g x ; G t ; pÞ, where V g x is a small neighborhood of a preimage of x inX X X fx i ¼ 0; Ei such that v i A t 1 W t 2 g. Herê X X H P 4 is the zero locus of the polynomial (2.1).
Chen-Ruan orbifold cohomology
Assume that X is a d-dimensional compact almost complex orbifold with an almost complex structure J (cf. [7] ). Then for a point x with nontrivial local group G x , J gives rise to an e¤ective representation r x : G x ! GLðd; CÞ. For any g A G x we write r x ðgÞ, up to conjugation, as a diagonal matrix where m g is the order of g in G x , and 0 e m i; g < m g . Define a function i :
This function i :X X 1 ! Q is locally constant. Denote its value on X ðgÞ by i ðgÞ . We call i ðgÞ the degree shifting number of X ðgÞ . It has the following properties:
(i) i ðgÞ is integral if and only if r x ðgÞ A SLðd; CÞ.
A C y di¤erential form on X is a G-invariant C y di¤erential form on V for each uniformizing system ðV ; G; pÞ. Then orbifold integration is defined as follows. Suppose
where jGj is the order of G. Then orbifold integration over X is defined by using a C y partition of unity. The orbifold integration coincides with the usual measure theoretic integration if and only if the orbifold structure on X is reduced.
Holomorphic forms for a complex orbifold X are again obtained by patching Ginvariant holomorphic forms on the uniformizing systems ðV ; G; pÞ. We consider the Č ech cohomology groups of X and X g with coe‰cients in the sheaves of holomorphic forms. These Č ech cohomology groups can be identified with the Dolbeault cohomology groups of ðp; qÞ-forms [2] . Definition 4.1 (cf. [7] ). Let X be a closed complex orbifold. We define the orbifold cohomology groups of X by 
When there is no confusion, we will simply denote it by S 2 . The orbifold fundamental group is
where l i is represented by a loop around the marked x i . There is a surjective homomorphism r : p orb 1 ðS 2 Þ ! KðgÞ; ð4:2Þ specified by mapping l i 7 ! g i . KerðrÞ is a finite-index subgroup of p orb 1 ðS 2 Þ. LetS S be the orbifold universal cover of S 2 . Let S ¼S S=KerðrÞ. Then S is smooth, compact and S=KðgÞ ¼ S 2 . The genus of S can be computed using Riemann-Hurwitz formula for Euler characteristic of a branched cover, and turns out to be 
For any integer 0 e n e 2d, the Poincaré pairing 
The basis fe j g will make it easier for us to compute the orbifold cup product via (4.6) and (4.7).
Computations for mirror quintic
Let X be a generic member of the mirror quintic family. The crucial part of the cup product computation is identifying the obstruction bundles E ðgÞ and integrating their Euler Park and Poddar, Chen-Ruan cohomology ring class. We will content ourselves with computing the 3-point functions. We showed in Subsection 3.2 that X ðgÞ is either a point or a curve, provided that ðgÞ is not the identity. The ordinary cup product corresponding to the identity case will be covered in Section 6. All in all there are 930 possible choices of point sectors ðgÞ that give nonzero 3-point function. We can divide these into two types: 
Hence KðgÞ, the subgroup of G t generated by g j ð j ¼ 1; 2; 3Þ, is just G t . Thus we may have
The kernel of the homomorphism r (4.2), and hence the Riemann surface S, depend on the value of k. We shall fully compute one representative case for each value of k. The computations for remaining cases can be completed using the same method and are left to the reader.
In the case k ¼ 4, g 3 ¼ 1, and so to construct E ðgÞ we have to consider the orbifold sphere À S 2 ; ðx 1 ; x 2 ; x 3 Þ; ð5; 5; 1Þ Á . Then S ¼ S 2 , the smooth sphere.
For other values of k, the order of each g j is 5. So in these cases we need to work with the orbifold sphere À S 2 ; ðx 1 ; x 2 ; x 3 Þ; ð5; 5; 5Þ Á , which we continue to denote by S 2 . Recall that
Its orbifold universal cover is the hyperbolic plane H 2 (cf. [21] ). We will use the Poincaré disk model of H 2 . Let k be the geodesic triangle hovw in H 2 as in Figure 1 with all of its angles equal to y ¼ p=5. The sides of k are labeled by L; M; N. Without causing too much confusion, we will denote the hyperbolic reflection about a side of k by the same letter. Let denote the region k W Mk.
There is a properly discontinuous action of p It is not di‰cult to compute that
The side N of k is an arc of the circle in C with center z 0 and radius R, where
Then we can write l 1 ðzÞ ¼ e Ài4y z, and
5.2.1. The case g 1 F g 2 . Consider the homomorphism r : p Park and Poddar, Chen-Ruan cohomology ring
2 . KerðrÞ acts freely on H 2 with quotient being the decagon shown in Figure 2 . The sides of the decagon are identified by the elements of KerðrÞ given in Table 1 .
We cut out four hyperbolic triangles along the geodesic curves, a ¼ ðBEÞ
After pasting the triangles along the geodesic curves, A; B; C; D; E or their translates by elements of KerðrÞ, we obtain the octagon in Figure 3 , whose boundary curves comprise a symplectic basis fa 1 ; b 1 ; a 2 ; b 2 g ¼ fa; b; g; dg for H 1 ðS; ZÞ after appropriate identifications. with the imaginary part, Im P, being a positive definite matrix. Hence we can write
The rotation l 1 induces the following map on p 1 ðSÞ:
Hence the automorphism ðl 1 Þ Ã : H 1 ðSÞ ! H 1 ðSÞ can be expressed in the matrix 
Since l 1 is a holomorphic map, l 
One can verify that there are four solutions to system (5.3), but only one of them satisfies the condition that Im P is positive definite, namely, p ¼ expð3pi=5Þ;
s ¼ expð2pi=5Þ ¼ z:
We now know that H 0; 1 ðSÞ ¼ H 1; 0 ðSÞ is generated by
Representative case. Choose g 1 ¼ ðz n ; z 5Àn ; 1; 1; 1Þ where n ¼ 1; 2; 3 or 4. First we consider e Ã TX over the corresponding X ðgÞ , which we identify with X X fx 1 ¼ x 2 ¼ 0g as an analytic space. The orbifold structure on X ðgÞ is not reduced. At the three points p j ¼ X X fx 1 ¼ x 2 ¼ x j ¼ 0g corresponding to j ¼ 3; 4 or 5, the local groups are isomorphic to Z 
The normal direction toX X 5 on a point is given by the vector N N ¼ ð5z 
where z ¼ expð2pi=5Þ. Matrix (5.6) can be diagonalized over C, and we find that 1 is an eigenvalue of multiplicity one with corresponding eigenvector in 
& '
: Table 2 n
ð0; z 3 ; 0; 0; 1; 0Þ ð0; z; 0; 0; 1; 0Þ ðz; 0; 0; 1; 0; 0Þ ðz 3 ; 0; 0; 1; 0; 0Þ Table 3 n ¼ 1 z Then the CðgÞ action on V g x Â C is given by the same formulas as for p 3 .
We conclude that there is a smooth KðgÞ action on E ðgÞ that preserves the fiber. where A is any orbifold connection on E ðgÞ . Now consider the associated orbifold principal S 1 bundle P ðgÞ such that E ðgÞ ¼ P ðgÞ Â S 1 C. Recall that there is a global action of KðgÞ G Z 5 on each fiber F ¼ S 1 of P ðgÞ . The quotient P ðgÞ =KðgÞ is again an orbifold principal bundle over the orbifold X ðgÞ . Let p KðgÞ : P ðgÞ ! P ðgÞ =KðgÞ be the quotient map, which extends to an orbifold bundle map. Choose an orbifold connection A that is the pullback p To pin down the local invariants m j , we need to describe the uniformizing system for E Note that we can express our framing (5.5) in terms of w i coordinates. On V 4 we have
Similarly, we have
One can express x 3 similarly, but we will not need it. 
We also note that ðw 5 Þ 5 defines the local coordinate of the desingularized curve S 0 centered at p 5 . Hence the section s 5 has a unique zero of order one at the point p 5 ¼ ½x 1 : x 2 : x 3 : x 4 : x 5 ¼ ½0 : 0 : Àz : 1 : 0 in S 0 .
Since a generic holomorphic section of jE 00 ðgÞ j will also have a single zero, we conclude that Finally, (5.7) becomes
We remark that (5.13) also holds true when n ¼ 3 or 4, as well as for the other choices of ðgÞ, as long as g 2 3 ðg 1 Þ 4 .
5.2.2.
The case g 2 F (g 1 ) 2 . For this choice of r, the quotient S ¼ H 2 =KerðrÞ is the genus two surface given by the decagon in Figure 4 whose sides are identified according to Table 4 . Park and Poddar, Chen-Ruan cohomology ring
After cutting and pasting along the geodesics as in the previous case, we can find a set of generators of p 1 ðSÞ based at the point v:
which descends to a canonical symplectic basis for H 1 ðS; ZÞ. The rotation l 1 induces the following map on p 1 ðSÞ:
Hence the automorphism l 
Comparing coe‰cients, we obtain the system:
Just as in the previous case, there are four solutions to system (5.15), but only one of them satisfies the condition that Im P is positive definite, namely, Table 4 A 
where z ¼ expð2pi=5Þ. Matrix (5.18) is diagonalizable over C, and one finds that 1 is an eigenvalue of multiplicity one with corresponding eigenvector in Table 5 . The rest of the computation goes exactly like in the previous case almost verbatim.
5.2.3.
The case g 2 F (g 1 ) 3 . For this choice of r, the quotient S ¼ H 2 =KerðrÞ is the genus two surface given by the decagon in Figure 5 whose sides are identified according to Table 6 .
After cutting and pasting along the geodesics as in previous cases, we can find a set of generators of p 1 ðSÞ based at the point v:
which descends to a canonical symplectic basis for H 1 ðS; ZÞ. The rotation l 1 induces the following map on p 1 ðSÞ: Table 5 n
ð0; z; 0; 0; 1; 0Þ ðz
Hence the automorphism l Ã 1 : H 1 ðSÞ ! H 1 ðSÞ can be expressed in the matrix
with respect to the dual basis f a a; b b; g g; d dg. 
Comparing coe‰cients, we obtain the system: 
Matrix (5.22) is diagonalizable, and we find that 1 is an eigenvalue of multiplicity one with corresponding eigenvector in Table 7 .
The rest of the computation goes exactly like in the previous two cases.
5.2.4.
The case g 2 F (g 1 ) 4 . As we remarked earlier in this case S ¼ S 2 . Hence H 0; 1 ðSÞ is trivial and E ðgÞ is a rank zero bundle. So e A ðE ðgÞ Þ ¼ 1. Thus the 3-point function (4.5) For the integral to be nonzero exactly one of the h j must be a ð1; 1Þ-form and the other two must be 0-forms. Note that the last equality follows from the fact that X 0 ðgÞ is reduced.
Since X is a normal complex algebraic variety, there is a well-defined notion of Poincaré duality (cf. [12] 
Thus it is not a di‰cult task to findê e j 0 .
Ordinary cup product on mirror quintic
First we determine the Hodge numbers of X . We start with Lefschetz Hyperplane Theorem in [4] (Proposition 10.8).
Theorem 6.1. Let X be a nondegenerate ample hypersurface of an ndimensional complete simplicial toric variety Y. Then the natural map induced by inclusion j Ã : H i ðY Þ ! H i ðX Þ, is an isomorphism for i < n À 1 and an injection for i ¼ n À 1.
Applying the above theorem to our mirror quintic X inside Y ¼ P By Poincaré duality, we may compute the cup product by computing the intersection of dual cycles (cf. [12] ). Let H denote the hyperplane class in H 6 ðY Þ. Let h A H 1; 1 ðX Þ denote the generator whose Poincaré dual is ½H X X A H 4 ðX Þ. To compute h W h W h, we look at the intersection of X and three hyperplanes in general position. In particular, we look at hyperplanes x 1 ¼ 0, x 2 ¼ 0, and x 3 ¼ 0. These intersect X transversally at the unique point ½0 :
6.1. Middle cohomology. The cup product for the middle cohomology of an ample hypersurface is described for the smooth case in [6] and for the quasi-smooth case in [17] . 
Let F j ¼ x j qf qx j . Given f A S b we get the ideal quotient (cf. [10] , p. 191) 
where c ab ¼ ðÀ1Þ
a!b! and D D is the polytope associated to the ample divisor D.
In the mirror quintic situation, 
Now there are two cases to consider: Now we want to lift the T action to the line bundles L ðgÞ and F 00 ðgÞ . Quite generally, suppose L is a line bundle on a toric variety, corresponding to a Cartier divisor fU s ; w Àm s g. The transition functions h ts : U s Â C I U sXt Â C ! U sXt Â C H U t Â C for L are given by h ts ðx; cÞ ¼ À x; w ðm s Àm t Þ ðxÞc Á . Then one can define a T action on L that makes it a T-equivariant bundle (cf. [18] ) as follows: tðx; cÞ ¼ À tx; w This action of T on F 00 ðgÞ at the fixed points q 5 ; q 4 and q 3 has weights 0; ðÀu 1 À u 2 Þ and ðÀu 1 À 2u 2 Þ respectively.
Applying [9] , Corollary 9.1.4, which shows that for reduced orbifolds the localization formula has to be modified by dividing the contribution of each fixed point by the order of its local group, we have 
